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Motivation
An important instance of a most non-isolated singularity is a hyperplane arrangement Ain V = C*t.

o Let apr € (CH* (H = ker(agg) € \A) be defining linear forms for A,
® Q=]lgcacamg € Clzy,...,xy) the corresponding defining polynomial of A,

e X =V \ |J H thearrangement complement.
HeA

The Milnor fibration of A is
Q|% : X — (CX,’U —> Q(”U),
and its Milnor fiber we denote by & := Q~1(1).

For the complement X of a complexified real arrangement, the foundational work of Salvetti provided a
combinatorial model in the form of the Salvetti complex, a finite regular CW complex whose homotopy
type depends only on the oriented matroid of the arrangement (see below).

In contrast, a concrete model for the homotopy type of § is available only in the special cases of real reflection
arrangements, thanks to Brady, Falk, and Watt and the generic case due to Orlik and Randell.

The Salvetti complex

Let £ be the covectors poset of an oriented matroid M and
T its topes, i.e. maximal elements of £. Then the (face poest T
of the) Salvetti complex & of M is defined as ’

S:={(c,T) | T€Tando € L} CLXT,
with partial order

(0, T) <g(ThyR):<—= o> T7andoco R ="T.
Theorem [Salvetti 1987].

The Salvetti complex of M(A) is homotopy equivalent to
the complement of the complexified arrangement:

SI=Z=VeC\| |J H®C
HeA . Q <.>(T1,T1> .

The Salvetti complex & has

® one vertex for each of chamber (or tope),

® two edges connecting each pair of adjacent chambers, o
represented by two arrows pointing in opposite directions,

e and one k-cell for each o € LV of codimension k and tope T adjacent to o, PL homeomorphic
to |£\</ |, whose boundary cells are identified with k — 1 cells with the same edges oriented

away from T

Definition — The tope rank subdivision

Let B € T be a tope. We define a partial order on T by R <gp T : <— S(B,R) C S(B,T),
where S(B, R) denotes the set of (pseudo-)hyperplanes separating B and R. The resulting ranked poset
Te = (T, <p) with rank function rkg(T") := |S(B,T)]| is called the tope poset with respect to B.

Let ¢ € LY be a cell in the dual covector complex
and B € T a tope. Recall that we set
T (o) := T N LY which can be identified with

vert(o) and define

¢ 0f = {T € T(0) | rkp(T) = k}.

B . B
® T kr1] = %k

® define the (B-)rank subdivision of o as:
rkpsd(o) :=
{oF | k € rkp(T(9))}
Hoip ki) | k € kB(T(0)) \ {rkp(o o (=B))}}.

Then the (B-)rank subdivision of £V is the poset defined by: rkgsd £Y := |J rkgsd(o) C 27
oeLlV

B
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with partial order by inclusion.
We further have a poset map to the original complex:

PB = Plykpsdcv * Tkpsd LY - LY, T Da—min{c e LY |aC T(o)}.

The tope-rank subdivision of a cell (o, T) € &S is defined as: rksd(o,T) = {(a,T) | a €

rkrsd(o))}, and the tope-rank subdivision of § is defined by rksdS := |J rksd(x), with
reS
partial order given by (a,T) < (b, R) : <= a C b and py(a) o R = T. We have a poset map

p:rksdS — S,(a,T) — (pr(a),T).

Combinatorial models of fibrations

For a poset map f : P — Q we write (f | q) := f_l(QSq) for poset fibers of f (q € Q).
Theorem [Quillen’s Theorem B for posets 1973].

If for alla < b (a,b € Q) the inclusion (f | a) — (f 1 b) is a homotopy equivalence, the
homotopy fiber HoFib(|A(f)|, a) is homotopy equivalent to |A(f | a)|.

If foralla < b (a,b € Q) the inclusion (f | a) — (f | b) is a homotopy equivalence, then f
is called a poset quasi-fibration. Let ¢ : X — Y be a topological fibration. Then we say that

f is a combinatorial model for ¢ if f is a poset quasi-fibration and a (homotopy) commutative
diagram:

AP) 2V AQ)

~ | |
X 4 Y,
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where the vertical maps are homotopy equivalences.
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Definition — combinatorial Milnor fibration

Let C denote the Salvetti complex of the rank 1 oriented matroid with covectors {4+, —, 0}, i.e. the face
poset of C is given by the set {(4+, +), (0, +), (—, —), (0, —) }, a regular cell decomposition of the circle
st

Define the map Q : T — {+, —}, T = ] lec g Te. and the poset map Q : rksdS — C by:

(+,+) ifQ(JIZ) = {+},
(_9 _) ifQ(JZ) — {_}9

é((aga T)) - = {

o _ 0, 4) iEQ(af) = {+},
Q((U[k,k+1]’T)) T {(0, —) ifQ(U%) ={-I

We define the (combinatorial) Milnor fiber of M by F(M) := Q~L((+, +)).

Main results in [MY25]

Theorem 1.

The poset rksdS is the face poset of a reqular cell complex PL-homeomorphic to & and if & =
S(A) is the Salvetti-complex of a real arrangement A, then | rksdS | is homotopy equivalent to the
complexified complement X(.A).

Theorem 2.
The map @ : rksdS — C s a poset quasi-fibration.

Theorem 3.
There is a (homotopy) commutative square

rksdS(A)] 2 ]
ﬁl ~
X(A) —— C*,

where the vertical maps are homotopy equivalences, 1.e. Q is a combinatorial model for the Milnor

fibration of A.

Theorem 4.

The combinatorial Milnor fiber T is homotopy equivalent to the geometric Milnor fiber §.
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About the proofs

Theorem 1: consider the covector complex £ together with its dual £V.
We construct a new complex Xy, 4 1) with respect to B € T from a certain subcomplex of £\ {0}

which is the face poset of a regular cell decomposition of the PL (d — 1)-sphere.

Then, by construction, F (XY, ]) is isomorphic to rk g sd E\éo B which is also a PL (d—1)-
o, k+-1]

[k, k+1

sphere.

Theorem 2: we use Forman’s Discrete Morse Theory. We construct an acyclic matching
M on (Q { (0, +)) giving a first homotopy equivalence. Then, “pushing in” remaining cones over
contractible subcomplexes of (Q | (4, +)) with vertices in (Q | (—, —)) concludes our argument:
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Theorem 3: assume that |.A| = n and let By, be the Boolean arrangement of rank n. We split

up the diagram into smaller parts as follows, each of which commutes (up to homotopy):

Q)
tksdS(A)| " | rksdS(By)| — 23 e
DAl DB, |
[S(A)] « i > |S(Bn)| |@ ~
X(A) « s (Cxyn — 8B, ox,

W
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